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Calibration Estimators Theory

e Calibration is a kind of adjustment that makes sample distrubution or sample statistics
agree with the population distrubitions or parameters by using auxiliary variables.

e Calibration is defined as the computation of sampling weights by taking into account the
auxiliary information subject to the calibration equation(s).

e The purpose of calibration is to increase the accuracy of the estimation.

e Although HT estimator is an unbiased estimator, it may give inefficient estimates
especially for the characteristics, which have a negative correlation with the inclusion

probabilities. In such situations, calibration methods would be helpful to get

[ AN
| -

estimators that are more efficient.
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Principle of Calibration Methods

e Calibration gives a single set of weights that can be used for all survey variables.

e The idea behind this is that if calibration weights, wy, fit the estimates of the total
parameter values for auxiliary variable(s), then they might be good for other survey
variables, as well.

e The main idea of the calibration estimator, E§AL, is to look for the family of estimators

that assures the following proper procedures:

1. It should be written as a linear combination of target variable and calibration weights:
2CA
ty b= Yieswi Y,

2. It must be optimized at least under the main calibration constraint.

~CAL _ E _
" = Wi X, =ty
keEs

3. The set of the calibration weights {w; (s): k € s} should be close to the set of design weights

{dy, =1/ : k € s}.
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Calibration Estimators Theory

e Shortly, the main purpose of the calibration is to obtain weights that make estimated
totals become equal to known population totals for auxiliary variables.

e Calibration can deal with a variety of conditions like complex sampling designs,
adjustment for non-response and frame errors.

e Many different sets of calibration weights may be constructed in order to guarantee the
consistency with auxiliary variable totals.

e The minimum distance method is one of the most popular approach to get calibration
estimator proposed by Deville and Sarndal

e Basically, a distance measure Gy (w,d) is chosen and design weights are modified to

calibration weights wy by minimizing the total distance ¢ Gy (wy, dy).

¥ ¥

|

Manhattan Euclidean
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Calibration Estimators Theory

e The calibration estimator can be shown as

ACAL _ §
ty™ = Wk Vk
S

where the calibration weight is wy, = d, F(qix;A) = di gk-

e [t consists of design weight and calibration adjustment factor. ( Remember dy i) )

e F(.) is the inverse function of g(.) which is the derivative of the given distance function
grx(w,d) = dGk(w,d)/ dw and g; is positive scale factor determined by the specialist.

e By solving the main calibration constraint

z dixy F(qrx3A) = z Xk
S U

it is possible to get Lagrange multipliers A.
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Calibration Estimators Theory

e The most frequently used calibration estimators by NSO's are GREG and raking ratio,
and they can also be derived with this approach.
¢ |f the Chi-square distance function is selected as the distance function and showed as
G (W, di) = (Wi — di)?/2qy dy,
then for F,(qxu) = Fr(qrxA) = g calibration adjustment factor (g-weight) would be
denoted as Fi (qu) = 1 + g u.
e This calibration estimator, known as the linear method, turns into GREG estimator for
qx = 1. Then when Lagrange equations solved calibration weight can be denoted as
wi =di(1+x,'1)

e Similarly it is possible to get raking ratio estimator by some other calculations.
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Calibration Estimators Theory

e For GREG, g-weights may sometimes contain negative values, and in some cases, they
may also be far from design weights.

e For raking ratio, g-weights never become negative but calibration weights may be very
large compared to the design weights.

e These are undesirable problems for survey statisticians since they will affect the estimate.

e Considering these problems, Deville and Sirndal introduced two new calibration
estimator (called as truncated and logit calibration estimators) where adjustment factors
can fall within the bounds set by statisticians.

e By the help of these approaches, you can eliminate the extreme weights while good

properties of the estimators are protected.
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Calibration Estimators Theory

e Usually, different Fi(u) functions derive different estimators.
e However, for medium and large-scale samples, the estimates produced by these
estimators are expected to differ slightly.

e Because, any £, estimator is asymptotically equivalent to GREG estimator.

AV (ngL) = Ykev Xiev(Tr — Tt ) €cé
v (ff;AL) = Xikes Lles (nkl;:lknl) (9x€x)(91€0).

e In these equations, &, = g, /m;, and é, = e, /m;, are the weighted representations of
population regression errors and the sample regression residuals, respectively.
e The different g, = F(qxA) calibration adjustment factors for alternative calibration

estimators will differentiate the variance estimates.
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Calibration Estimators Theory

e For the unrestricted calibration estimators (GREG and raking), some disadvantages may
arise.

e As a result of the calibration, large variation in weights may occur and variance may
increase because of the weights.

e There may be cases where the adjustment factor is extremely greater or less than one and
negative adjustment factors may occur for GREG.

e On the other hand, when using distance functions that restrict weights, the solution may

not be found due to lack of constraints. (optimization can fail for TRN and LOG)

e The lower and upper bounds should be revised When voure staristicaiiy mpossimie | = —

— GO AWAY! ‘ r'—

such a situation is encountered.
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Calibration Estimators Theory
e Example: Suppose there are three auxiliary variables correlated with the research

variable and for which population total values are available. Let’s say the auxiliary

variables are defined as below.

i h'e) A X d; Wy i b} x5 X A Wy
! I I 1 4 4,938 16 1 o o 2 2,445
2 0 I 1 5 5,085 17 0 1 i 5 5,085
3 I 0 0 2 2,445 18 0 1 [i] 4 3,369
4 I [7] 0 2 2,445 19 I 0 [7] 2 2,445
5 7] I 0 4 3,369 20 0 0 1] 3 3,000
] 7] [7] 1 4 4,699 21 0 0 I 4 4,699
7 4] 0 0 3 2,000 22 0 7] I 4 4,699
8 0 a 0 3 2,000 23 I 1 0 3 32,195
9 7] I i 3 5,085 24 7] 1 I 5 5,085
10 I 7 ] 3 2,195 25 0 1 1] 4 3,369
i1 i I 1 4 4,958 26 I 1 I 4 4,958
2 1 o 1 3 4,192 27 0 1 1 5 3,085
13 I [} 1 3 4,192 28 1 1] I 3 4,192
14 7] I i 3 5,085 29 7] 1 [1] 4 3,369
15 [¥] [} i 4 4,699 30 0 1 1] 4 3,369
X1:1 for Male, 0 for Female Xs:1 for Blue-collar, O for civil servant
X>:1 for Young, 0 for Old X =[ X1 X2Xs]" =[30,60,70]"

X=%dx, X 356867

Il
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Calibration Estimators Theory

fi r
E_--l d.x.x;
35 18 21
18 68 33
21 33 67
f o
[Em d.xx
0,0366 20,0034 0,008
~0,0054 0,0200 ~0,0082
~0,0038 ~0,0082 0,017
x-%)=[2|, 2= [omes] oo aooss] |||,
-8 -0,0054 00200 | -0.0082] ||=8
| 5 20,0085 | 00082 0017} || |
A= 02226 |
01578
| 01747 |

A= |:E dix;x;

Tl

wy =4 1+(1 1 1)

rfg_ﬂ

0,2226
- 01576

0.1747 |

1=4,058
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Weight Trimming

e |t is desirable to avoid assigning extreme weights to any unit in the sample.

e Extremely large and varying weights may cause a significant increase in variance.
e Restricting the extremely large weights control the increase in the variance.

e Calibration weights consist of more variability than design weights.

e Precision of the estimates decrease when large variations in calibration weights

e Extreme weights can produce inefficient estimations.

e Trimming large weights reduces the variability that depends on weights.

e Trimming process causes bias while the variance is reduced.

e Therefore, trimming should be done with the assumption of decrease in MSE.
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Weight Trimming

e The general application in weight trimming is to keep the weights within some upper and

lower bounds.

e Possible to use complex approaches for weight trimming.

e However, researchers generally prefer simple and practical implementation methods.

e Verma, proposed a simple procedure where the main problem is only a limited number of
large weights.

o After the calibration step, rescale the calibration weights to average 1 over the sample
cases, then any rescaled weights outside the bounds 1/T and T are made equal to these

boundary values. As a rule of thumb, the constant T is given a value between 2 and 3.

Example for weight trimming
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Calibration Estimator usage in Statistical Offices

= Using auxiliary information to adjust weights
= Poststratification

» Raking Ratio (Iterative Proportional Fitting)
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Head of Survey and Questionnaire Design Group
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Using auxiliary information to adjust weights

e Use of auxiliary variables in the sampling design
v" Quantitative variable: Sampling with unequal probabilities
v" Qualitative variable: Stratified sampling
e Use of auxiliary variables in the estimator
v Quantitative variable: Ratio estimator
v Quantitative variable: Regression estimator
v" Qualitative variable: Post-stratification estimator
e \When was the first auxiliary info used historically?
v" John Graunt (1662) "Rule of Three" if AB=CD then D = AB/C
v P.S. Laplace (1786) ratio estimator
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Using auxiliary information to adjust weights

e By using auxiliary information, we can @
v Gain in precision
v" Correct for nonresponse effects
v Calibrate on known population

(or other external source) values

e Auxiliary variables are the variables that are external to the survey.
v" The values of the auxiliary variable are available for all population units
v" The values of the auxiliary variable are available for all sample units

v" The values of the auxiliary variable are available for respondents and on an aggregated
population level.
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Using auxiliary information to adjust weights
RATIO ESTIMATOR

The ratio estimator is a statistical parameter and is expressed as the ratio of the mean of
two random variables.

v" Ratio estimates are biased
v’ Because rate estimates are asymmetrical, symmetrical tests such as the t-test should not be used to
construct confidence intervals.

v" Ratio estimation may be used to adjust for nonresponse.

For ratio estimation to apply, two quantities y, and x; must be measured on each sample unit.

Let’s we want to estimate population total parameter in U.

ty = Xkev Yk-

A sample s is selected in U by using p(s). Data is collected for y, for k € S.
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RATIO ESTIMATOR

Suppose now that we have an auxiliary variable x with the following known information:

> Xk = O,k € S.
> t, = Xy xi (population total of x).

where B is a ratio estimator.
Ratio estimator for the total Y if s is a SRS of size n with the design weight d;, = —

N
dikes Yk (H) Likes Vi _t Dikes Yk

34T =ty — Ix = Ix
Y dyx N x
2kes diXy () kes X Lkes Xk
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RATIO ESTIMATOR

Ratio estimator for the total Y if s isa STR of size n, with d;, = Ny /ny, itk € sy,:

Nh
Zh ZkESh dkyk _ Zh(ﬁ) ZkESh Yk

fRAT _—
ERAT = ¢

ve - X
dyx N
Lh Likesy, Xk (n_Z)ZkEthk

Notation as a weight adjustment
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RATIO ESTIMATOR
Design or sampling weight, selection with p(s): d,

Weight adjustment or g-weight: gk = L _ tx

tx  YkesdrXk

Final weight: w;, = dj gx.

g Ji depends on s. Y cs Wi Xy = t, ( calibration).

t54T is slightly biased.
The bias is of order % it can be large for small n.
If the sample is of fixed size:

RAT N var(t,) cov(ty,t,)
t, )—t, =t,( o

Bias = E
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RATIO ESTIMATOR

n.1l S¢ Sy
as ~ (-5 G~ %y

. ny 1 1 _
var(tx) = N? (1 _N);S)%, WlthS;% =m2(xk —X)Z
U
ny 1

A 5 , 1 _ _
cov(tx, ty) =N (1 - N) ESxy, With Sy, = mZ(xk - X)) —Y)
U

If s is a SRS and n large, the bias equals zero if and only if

sz s, s2 X
—_— = — 0y — = —
X2 XV S, ¥
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RATIO ESTIMATOR

Var(s,)=02.

The estimated parameters are: b = ?—3 and a =Y — bX.

X

Therefore: the bias equals zero if and only if b = ; I.e. if the intercept a equals zero.

Ratio estimation is most appropriate if a straight line through the origin summarizes the relationship

between x; and y, and if the variance of y; about the line is proportional to x.

Under these conditions, B is the weighted least squares regression slope for the line through the origin with

weights proportional to 1/x,—the slope B minimizes the sum of squares

1 L \2
Zx_k(yk — Bxy)

keS
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Using auxiliary information to adjust weights
REGRESSION ESTIMATOR

As with the ratio estimator, the regression estimator uses auxiliary variables that are correlated with the
variable of interest to improve the precision of estimates of the mean and total of a population.
v" We need auxiliary information.

v" Total of the auxiliary quantitative variables used will be estimated exactly: 7, .. = t, (consistency-
respect of known totals.)

v" The collection phase has been completed (use of auxiliary variables at the estimation stage).

Quantities y; and x; are measured in each sample units. We aim at estimating the total ¢, = ) ,cy v, in U.

v’ x; is a quantitative variable.

analysis 't yarianies = s

yalues
g
depéhdent

methods hat =}

v The total t,, = Y x;, is known. prraneies w8 {§ ==model

Regression estimator takes advantage of the correlation of x and y in the population,

The higher the correlation, the better it works.
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REGRESSION ESTIMATOR

The coefficient of correlation between x and y is:  p,y, = Sxy where
S%SS
1 = — 1 —
Sxy = EZREU(xk -X-Y) Si= EZREU(xk — X)?

It is supposed that a straight line regression model between y, and the auxiliary variable x; would
provide a good fit.

The linear relation between the y variable and the x variable :

where

a and b are chosen in order to minimize (Xxey Ex2).
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REGRESSION ESTIMATOR
According to the model, we have:
t, = aN + bt,

Where a and b are the ordinary least square regression coefficient calculated on U.

ty = XkeuVk = Yrev(a + bxy + Ey)

Proof: = aYkeyl+bXkey Xk + 2kev Ex

= aN + bt,

The regression estimator can be written:
tREGC = Ny + b(t, — Nx)

EREG = 14T + b(t, — t47)
Expression as a weighted linear estimator (weights adjustment):

N y
B0 =) g 25 =) wi(s)y
Tk

kesS keS

B n (X-X)(x;p—X)
where g,(s) =1+ — 52
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GENERALIZED REGRESSION ESTIMATOR (GREG)

e GREG is a model-assisted estimator designed to improve the accuracy of estimations using auxiliary

information.

e The GREG estimator ensures that sample estimates for auxiliary variables are consistent with known

totals.

e When auxiliary information is appropriate at unit or domain level; the GREG estimator can be used to
reduce the variance of the estimates by taking advantage of the relationship between the target variable

and the auxiliary variable.

e Main idea is to construct assistant model and predict 9, = x;'B values for all k € U

-1
D XpXE! XYk
Where B = —_ s
( keEs 0']%77-']() keEs aznk

e By using predicted ), values, we can get design-unbiased estimator for t,,.

fgcz;REG = Xkev Yk + 2kes AV — Vi)

= Ykes A Vi + Qkev Yk — Zkes Ak V)

Methodology Department
Survey and Questionnaire Design Group 27



TURKISH STATISTICAL INSTITUTE 1““(

GENERALIZED REGRESSION ESTIMATOR (GREG)

Making the residuals y, — ¥, very small with the help of a fit model to get accurate estimations.
e Modelling is the basis of the GREG approach.
e Linear GREG, which is also a calibration estimator, will be discussed here.
ESREG = (Ykey Xk)'Bsyaq + Lres di(Vk — Xk Bs,aq)
Bsaq = Ckes A Xixi) ™" Cres diquXiyi)
e As astandard, gk =1 for all units. The choice of qx generally has a limited effect on the accuracy
e Nearly unbised estimations occurs for any value of gk (except for extremely large/small values).
e A close fitting linear regression of y on x holds the key to a small variance for fyGREG

e The g,, which we have previously defined as the calibration adjusment factor (g-weight), is obtained in

the GREG approach as

glRED = 1 4 (t, — t2") T 1 x /o (independent from y)

A~

T = Z xkxk/alfﬂk
S
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GENERALIZED REGRESSION ESTIMATOR (GREG)

GREG works as a regression estimator if one quantitative variable is used in the SRS

Similarly, the ratio estimator is a special case of GREG when a single auxiliary variable is
available and can be supported by a model, and the variance of the target variable is

assumed to be a linear function V(y) = a%x of the auxiliary variable.

Poststratification estimator is also special form of GREG estimator.

Disadvantages of GREG :

v May increase variance by causing large variation in weights.

v There may be situations where the g-weights is too large or small and negative values.
v" Although asymptotically unbiased, it may be biased in small sample sizes.

v" The GREG estimator can be very sensitive in the presence of outliers.

Methodology Department
Survey and Questionnaire Design Group 29



TURKISH STATISTICAL INSTITUTE 1""(

POSTSTRATIFICATION

What is post-stratification?
Age, gender, education, occupation, etc. qualitative auxiliary variables such as
can be used in the estimation phase. One of the well-known and frequently used
examples of this is the post-stratification estimator. As in the Stratified Sampling
method, the auxiliary variable information is not known on a unit basis before the

sample selection; If the strata of a unit is determined in the sample survey, these

Strata are post-strata.

The main idea: Post-stratification is to separate the population into homogeneous strata according to the

information from the sample.

Aim: Reduce variance.
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POSTSTRATIFICATION

Post-stratification is applied in the following cases:
v" If the necessary stratification variable is not available to classify and rank each unit
¥v" When the stratification variable is available but cannot be used
v" Post-stratification, although drawn proportionally from the sample population, can be used in

subclasses.

For estimating the total ¢, >xcy Y& in U, sample s is selected in U by using p(s).
Data is collected for y,, k € s.

Suppose now that we have the following auxiliary information for a given partition
U=U;VU..UU,U ..U Uy of the population U.

v' Ny,h =1, ..., H (population counts in the post-strata)

vz, = 1ifk € Uy, 0 otherwise, fork € s,h=1,...,H.

Partition: U = U; U ...U U, U ...U Uy, with N, the number of observationin U;, h =1, ..., H.
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POSTSTRATIFICATION

The population total may be expressed as:

ty - th’h == zNth
h h

Ny is known forh =1, ..., H.

The mean Y;, is estimated with k € s.

Using the estimator ?h = fyh /Ny, we define the post-stratified estimator typosr of Y:

N

t
A = z : Yh
tJIjOST - Nth - NhT
Np,
h

A~

Same for the post-stratified estimator ¥y, of ¥:

o Nh 2 Nh fy
Ypost = Wyh = z Th
h

with Nh = ZkESh dk'
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POSTSTRATIFICATION

Notes:

v" ny, the number of observations in s N Uy, is a random number,
v Y, is not defined if n,, = 0.

POST-STRATIFICATION FOR SRS AND RELATION TO STRATIFICATION

If is a SRS of size n with a post-stratification:
. t Xs, Yk D
t;OST:ZNhgz ZNh—Shg =2Nh Shyk

N N —h np

. N
where n, is a random value, E (ny,) = nTh

If s isa STR sample of size n with the allocationn,, h = 1, ..., H:

A 2 _ Ysy Vi
tyzzNthzzNhyshzzNh ?zl
n 7 I h

where n,, is a constant value.
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POSTSTRATIFICATION

NOTATION AS A WEIGHT ADJUSTMENT

General case:

) . N,
t,9°T = NpY, = ZN_ Z diyr =

Irdiyr = Z Wi Vi
T K

Design or sampling weight, selection with p(s): dy.

Weight adjustment or g-weight: g, = % = ifk € sp,.
h

Ykesy, Ak

Final weight: w, = d . g,

Notes: g, depends on's; N,=n,N /N, for SRS; and Ys, Wk = Nj, (calibration).
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POSTSTRATIFICATION

For s a SRS of size n with a post-stratification based on N,, h =1, ..., H, we have the approximate

variance:

e~ w1(1-2) 5 i+ (1-2) 3, s

variance for a STR with proportional allocation n;, = nN,/N.
variability due to the random size n,,. Small in comparison with the first part (1/n?).

If n is large, we can estimate the variance as:

Var(£505T) = N (1 - %)%Z%sﬁ = (1- %)%Nhsﬁ
h

where:

1 _
Siy = —— Z Wk — Psp)?
"h 1 kes
h

I.e. H-T variance for STR with proportional allocation.
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Raking Ratio (Iterative Proportional Fitting)

Raking is a poststratification method that may be used when poststrata are

Y formed using more than one variable, but only the marginal population totals

| are known. It is also known as the iterative proportional fitting approach, is

él\ the process of fitting marginal population total estimates to the known marginal

~~ population iteratively. It is also called as raking”, “rim weighting” and
“marginal calibration” in the literatiire.

In the implementation of the method;

v" The consistency of the sample row totals and the population row totals is ensured.

v" The corrected sample column totals and population column totals are consistent.

v" The first process is repeated for the sample row totals that are corrupted.

v’ Afterwards, the second process is repeated for the sample column totals that are corrupted. The

process is repeated until the population totals converge.
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Raking Ratio (Iterative Proportional Fitting)

2t-1 2t-2
NG = N

5 N @2
c

_ N
Nr(Zt) =NZY_ £ . =12,.,Ric=12,..,C

(o rc

Rows and columns are adjusted to population totals by iterative operations, respectively, with each

operation denoted by t=1, 2, 3, ...

Here, in practice, the sum of the design weights is generally used for its N,. estimation. The total
estimator for the target variable, with population estimates N,Ef ) = N, at the final stage of convergence:

R C N n
poy S by,
Y r=1dmic=1Nypc Lmij=1" "
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EXAMPLE

Let’s say SESRIC have telephone numbers of 1.000 people which is our population. We have no other
information without the total age-gender cross-table given below. We randomly select 100 telephone number
and dial-up to ask whether they are satisfied or not for SESRIC activities. We also get their gender and age
groups which is given below. There is no nonresponse and results show that 15 of the young-male are
satisfied for SESRIC activities. Please, estimate for the population how many percent of young-male are

satisfied for SESRIC activities? ( By HT Estimator, Poststratified Estimator and Raking Ratio)

Population Sample
Male Total Male Total
Young 245 215 460 Young 24 16 40
Middle age 140 140 280 Middleage 15 19 34
old 110 150 260 Oold 12 14 26
Total 495 505 1000 Total 51 49 100
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Considering that the samples were selected with the SRS, the design weight was calculated for all units
d =N/n = 10;

HT

POST

Estimation of the population total of young men : Nl(f) Ni1 = 24 % 10 = 240.

Known population total of young people : N; = 460.

Young people’s total estimate from the sample : ¥’ N\* = 400

N 460
N =NO L —240— =276

Y, N(O) 400
Similarly, Nl(zl), Nz(l), calculated.
N 495
) €)) 1
N =N =276 = 262,97
11 11 ZrN(l) 519,53
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When the repetition process is continued, it is seen that the population row and column totals are approached, that is,

they converge to the marginal distributions. Assuming the necessary compliance was achieved in the 4th iteration, the

procedure was interrupted. The values obtained as a result of the process are given below:

4th Iteration

Total
Young 264,77 195,15 459,92
Middle age 116,67 163,38 280,05
old 113,56 146,47 260,03
Total 495,00 505,00 1000
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